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Fixed-Context Pareto Sets/Fronts extracted from the Pareto Gamut

Fig. 1. Manufactured parts are usually optimized for many distinct contexts: here, turbine designs are optimized for mass and power (performance) under
various wind speeds (context). Each context yields a distinct Pareto set, or collection of designs with optimal performance trade-offs. Existing tools require a
separate optimization for each context of interest. As an alternative, we augment the standard multi-objective optimization framework to simultaneously
consider design and context variables. This allows us to find the Pareto gamut (left, colored by context), which captures the Pareto-optimal designs over a
range of contexts. From this gamut, we can extract any fixed-context Pareto set (right, top) and its image in performance space (right, bottom).

Manufactured parts are meticulously engineered to perform well with re-
spect to several conflicting metrics, like weight, stress, and cost. The best
achievable trade-offs reside on the Pareto front, which can be discovered via
performance-driven optimization. The objectives that define this Pareto front
often incorporate assumptions about the context in which a part will be used,
including loading conditions, environmental influences, material properties,
or regions that must be preserved to interface with a surrounding assem-
bly. Existing multi-objective optimization tools are only equipped to study
one context at a time, so engineers must run independent optimizations
for each context of interest. However, engineered parts frequently appear
in many contexts: wind turbines must perform well in many wind speeds,
and a bracket might be optimized several times with its bolt-holes fixed in
different locations on each run. In this paper, we formulate a framework
for variable-context multi-objective optimization. We introduce the Pareto
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gamut, which captures Pareto fronts over a range of contexts. We develop a
global/local optimization algorithm to discover the Pareto gamut directly,
rather than discovering a single fixed-context “slice” at a time. To validate
our method, we adapt existing multi-objective optimization benchmarks
to contextual scenarios. We also demonstrate the practical utility of Pareto
gamut exploration for several engineering design problems.
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1 INTRODUCTION

Performance-driven optimization is a cornerstone for effective engi-
neering design, because it permits the fine-tuning of parts based on
their predicted performance in the real world. The desired perfor-
mance metrics for a given part are often multiple and conflicting:
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bicycle components should be lightweight and strong, and wind tur-
bines should be compact with high power output. To achieve good
trade-offs between such objectives, engineers typically seek Pareto-
optimal design solutions, or designs for which it is impossible to
improve performance on all metrics at the same time; improving any
metric will worsen at least one other. Such Pareto-optimal designs
are typically identified via multi-objective optimization schemes.

To use a multi-objective optimization scheme, engineers must
parametrize the given part with a set of design variables. These
specify aspects of the design that are allowed to vary during op-
timization, e.g. the blade radius and pitch of a wind turbine (Fig.
1). To measure the quality of each design, engineers define a set
of relevant performance metrics, e.g. the turbine’s mass and power
output. Performance evaluations (and thus, the optimal designs) are
also influenced by external constraints or assumptions derived from
the part’s intended context. For instance, a turbine’s power output
depends on environmental factors like wind speed and air density.
As shown in Fig. 1, the Pareto-optimal designs for low wind speeds
have short blades, and are limited to modest power outputs.! Fast
winds yield longer-bladed designs with objectively better trade-offs
(better power for a given mass) compared to slow contexts.

Context parameters typically appear as constants embedded in
the performance metrics a priori: they are not allowed to vary dur-
ing optimization because engineers cannot control the context. For
example, if windspeed were allowed to vary, the Pareto front would
exclusively contain turbines designed for and evaluated under the
fastest wind speed. Nevertheless, these designs are useless for sites
with slow wind; the Pareto set is only relevant if it has been opti-
mized subject to the appropriate fixed context.

However, fixed-context optimization is insufficient in practice
because the solutions are predicated on unrealistically precise as-
sumptions. The context represents conditions that are complex,
dynamic, and hard-to-measure; thus, a single context rarely cap-
tures a problem’s true nature. For robust design, one must consider
Pareto-optimal designs over several contexts. This is tedious with
existing optimization tools, which only provide insight into one
context at a time. Industrial design programs like SolidWorks and
Altair Inspire include tools to manage ad hoc context exploration,
but the process remains inefficient. According to a SolidWorks di-
rector of product management, “you never hit run once [for any
optimization]. You look at the results and run it again with different
assumptions and inputs to evaluate those inputs. Then you run it
again. It’s an iterative process” [Wasserman 2017].

We address this challenge by developing a novel framework for
variable-context optimization, which identifies the Pareto fronts
for many context values simultaneously (§1.2). To motivate our
approach, we present three broad problem classes that would benefit
from variable-context optimization, as shown in Fig. 2.

1.1 Variable-Context Optimization: Motivation

As shown in Fig. 2a, our first class considers parts that must with-
stand a range of contexts due to uncertainty (e.g. fabrication pre-
cision) or dynamic environments (e.g. wind). By studying Pareto
fronts for many fixed-contexts in the range, engineers can identify

! All metrics are formulated for minimization, so small values are preferable.
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(a) Design for Dynamic Contexts  (b) Library for Building Blocks  (c) Higher-Level Contextual Tuning
Final part encounters many contexts.  Final part encounters one context.  Final part encounters one context;
Selected design must perform well in Several contexts are common, so Explore several contexts for a part to tune

full range of contexts. optimize all for quick adaptation. overall performance of larger system.

Fig. 2. Multi-context design examples; each column shows a class of prob-
lems (context in italic). (a) Some parts encounter many contexts: turbines
(top) must perform under many wind speeds and temperatures; mounting
brackets (bottom) must withstand a range of loading conditions. (b) Manu-
facturers maintain libraries of basic components for various contexts. We
show angle brackets (top) and bicycle lugs (bottom) for different angle
constraints. (C) Contexts are explored to gauge higher-level trade-offs. For
3D-printing (top), orientation or layer height affect the properties of each
individual part, but engineers also set these print parameters to optimize
the run overall (capacity for other parts, print time, etc.). Assemblies like
bicycles (bottom) require hierarchical design, because the location of func-
tional interfaces (e.g., pivot between red rocker and yellow stay) affects the
achievable performance of the individual parts and the assembly overall.

universally high-performing designs that compare favorably to the
achievable optima in any plausible context. This is more robust
than existing methods, where engineers consider optimal designs
for some “representative” context given by an expected context
distribution or a carefully constructed “worst-case” scenario. Even
when executed well, fixed-context approaches can lead to sensitive
or over-engineered designs that perform sub-optimally once the
context deviates from expectations. However, without access to the
achievable fronts for each context, engineers have no efficient way
to compare the performance that is sacrificed.

The second class contains “building blocks” like the angle bracket
in Fig. 2b, which must assume a specific bending angle (context) for
each use case: shelves are mounted with right-angle brackets, but
solar panels may require specialized acute angles for optimal power
output. Within each context, the bracket’s design parameters (e.g.,
side length, material thickness, bend radius) must be optimized for
metrics like mass and compliance. This is expensive with existing
tools, so engineers maintain a library of optimal designs for common
contexts and compute the solutions for each non-standard request
independently. Our approach permits fast adaptation to special-
ized contexts by providing immediate access to the Pareto-optimal
designs for any context in the range.

Our third class considers hierarchical design (Fig. 2c), where
contexts are used to enforce high-level decisions during low-level
optimizations. This is relevant for complex assemblies like bicycles,
which include dozens of sub-assembly components and hundreds
of tuneable design choices [Seven Cycles 2020]. It is prohibitively
expensive to optimize over the entire system, so engineers must use
a hierarchical approach. First, they block out the rough assembly,
including the length and adjoining angles of the frame tubes and the



location of pivot points within the rear suspension system [Covill
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2020; Marler and Arora 2004; Meignan et2015; Ruiz et a2019].

et al 2014, Spratt 2019]. Each assembly-level decision dictates theThese approaches require relatively few samples, but user-guided

contextof all adjacent parts. Then, each part is optimized for its own

exploration is biased toward known solutions, which reinforces user

set of performance metrics (e.g., minimal mass and compliance), expectations and impedes novel insights. By contragposteriori

while respecting the context required by the global assembly [Bo-

methods solicit user preferences ondfter the Pareto front has

gomonly 2019; Spratt 2019]. Designers typically explore solutions been discovered. Popularposteriormethods include Normalized

for many assembly-level con gurations, because slight variations
can have a drastic e ect on the global performance of the bike

Boundary Intersection methods [Das and Dennis 1998], Normalized
Normal Constraint methods [Messac et @D03], and evolutionary

[Covill et al. 2014; PHeller 2014]. However, each assembly-level algorithms [Deb and Jain 2014; Deb et 2002; Zhang and Xing

change (e.g., pivot position) imposes a new context on the sub-

2017]. By exposing Pareto-optimal designs before seeking irgut,

assembly components, which causes a change in the Pareto set forposteriorialgorithms improve users' understanding of the attainable

each component and triggers additional optimizations. By contrast,
the Pareto gamut provides direct access to the optimized, low-level
parts corresponding to any assembly decision within the speci ed

range. We expect this to permit more thorough exploration and a

better understanding of each decision's downstream impacts.

1.2 Our Approach

To permit thorough context exploration, we incorporate continuous-
valued context variables into the multi-objective optimization for-
malism. We also provide a global/local algorithm that seeks the
Pareto front at every context in a desired range simultaneously,
rather than discovering one xed-context slice at a time. This
collection of Pareto fronts forms a new object, which we call the
Pareto gamugFig. 1).

Our Pareto gamut discovery algorithm alternates between two
steps. First, we use global optimization to uncover a few points on
the Pareto gamut. Then, we perform local exploration to uncover
Pareto-optimal designs in the neighborhood of each known point.
This exploration uses a rst-order approximation that takes a single
Pareto-optimal point insomecontext and identi es directions in
the joint design-context space along which we can walk without
leaving the Pareto gamut. By sharing information across contexts
and uncovering entire patches of the Pareto gamut at once, our
approach amortizes the cost of optimization and permits thorough
context exploration at a fraction of the traditional cost.

Our contributions include:

a formal notion of context parameters and Pareto gamuts,
a mathematical framework for variable-context optimization,
a discovery algorithm for the full Pareto gamut, and
real-world problem classes that bene t from variable-context
optimization.

Although our theory extends to any problem size, we focus on

examples with a total of at most 4 performance metrics and context
variables for computational reasons (discussed in Y6 and Y7).

2 RELATED WORK

Multi-Objective OptimizationWe present a brief overview of
multi-objective optimization methods, and refer the reader to Cho
et al [2017] and Marler and Arora [2004] for additional depth. Multi-
objective optimization algorithms are classi ed into three categories,
based on the timing of user guidance relative to optimization: before
(a priori), during (interactive), or afterd posteriodi[Van Veldhuizen
and Lamont 2000]. Interactive aradpriori methods allow users to
guide the optimization toward desirable regions [Koyama et al

trade-o s while mitigating known-solution biases.

We develop ara posteriorapproach over the joint design-context
space. This enables full exploration of xed-context Pareto fronts,
while highlighting how the fronts vary when the context changes.

Continuation Methods for Multi-Objective Optimizati@he afore-
mentioned algorithms share a common pitfall: each point on the
front must be found independently. This is ine cient, as it neglects
the fact that Pareto-optimal points are typically clustered together.
Via an extension of the classical KKT conditions [Karush 1939; Kuhn
and Tucker 1951] (see Y3), solutions of multi-objective optimization
problems satisfy a constrained system of nonlinear equations with
locally continuous solution manifolds [Hillermeier 2001a,b]. This
permits the use of path-following methods, @ontinuation schemes
which discover optimal neighborhoods around each known solution.

Rakowska et al[1991] rst applied this approach to bi-objective
problems, revealing interpretable design families and explanations
for discrete jumps within the Pareto set for speci ¢ problems. This
work was generalized for objectives [Hillermeier 2001a; Martin
and Schutze 2018], but these papers only consider local expansion
from a single known solution. To discover disconnected Pareto
sets, recent works embed local continuation schemes in global/local
discovery algorithms, as in the interactive method of Schiitze et al.
[2019] and thea posteriorapproach of Schulz et al. [2018].

Our global/local discovery algorithm is closest to that of Schulz
et al. [2018]. Wegeneralizehis algorithm and its supporting theory
to permit context exploration during the discovery phase. This
requires a new data structure and revisions to the global sampling,
optimization, and local exploration steps. On the theoretical side,
we generalize the perturbative step in Schulz et{aD18] and the
predictor step in Martin and Schiitze [2018] by deriving the context's
impact on the shape of the Pareto front. Our algorithm is unique in
its ability to discovermany xed-context fronts simultaneously.

Performance-Driven DesigBptimization is essential for identi-
fying feasible designs that realize some high-level functional speci-
cation. Many functional goals have been explored, including bal-

ance [Prévost et aR013; Wang and Whiting 2016], light re ection
[Schwartzburg et al2014], acoustic properties [Bharaj et aD15; Li

et al. 2016], and deformation under a given load [Chen et al. 2014].
Some methods incorporate user feedback in the design loop, cou-
pled with optimizations that guide the user toward viable designs
for e.g. functional furniture [Umetani et aR012; Yao et aR017]

or stable- ying multicopters and gliders [Du et aR016; Umetani

et al 2014]. Most of these works are restricted to single-objective
optimization, and none consider generic context parameters.

ACM Trans. Graph., Vol. 40, No. 4, Article 171. Publication date: August 2021.
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There is, however, a growing body of work that considers optimal
structural design under a parametrized set of loading conditions.
Zhou et al [2013] optimize the structural integrity of 3D printed
structures based on geometry and material alone, with no assump-
tions about the speci ¢ incident load. Panetta et f1017] develop
methods to minimize the stress concentration of periodic microstruc-
tures under all unit loads, while Schumacher et @018] optimize
the strength and balance of large-scale 3D-printed objects under
unknown external loads. Similarly, Ulu et dP017] optimize struc-
tures to be as lightweight as possible, while ensuring robustness
under any incident force con guration within a set force-magnitude
budget. In general, these methods handle uncertainty or variability
by computing aworst-case loaavhich accounts for all of the most
problematic loading conditions. This is particularly useful if the
engineer has little insight about which loading conditions to ex-
pect, because it e ectively optimizes over the full range of contexts
to identify the most critical case(s). However, the conservative na-
ture of this approach can result in designs that are over-engineered
(and thus, sub-optimal) with respect to any particular context they
may encounter. By contrast, we expose the Pareto fronts for a wide
range of plausible contexts, each of may re ect some portion of
the worst-case aggregate. This provides complementary insight
regarding a chosen design's optimality (or lack thereof) relative to
the achievable trade-o s for any particular load that may occur.

Design Exploration/Ve also draw inspiration from methods that

Fig. 3. Fixed-context design spa®e and performance space, 1X; °
(gray). The fixed-context Pareto sé%, (red, orange and purple) contains the
design points with optimal performance trade-o s; these points map onto
the Pareto front , 1P, °. Colors represent contiguous solution manifolds
in X, ; color is preserved when mapped into performance space. Any ray
from the origin (blue) intersects the Pareto front at most once.

variable-context formulation in Y4. We begin by formalizing the
xed-context design space, as illustrated in Fig. 3:

De nition 3.1 (Design Spacdjor xed contextz 2 R , the
feasibledesign spads de ned as

Xz =fX=1Ge"""eGP 2R j6.1x;2° (8 2f0"""«gg"

Intuitively, the design space represents the set of valid, manufac-

explorea design space, such as the recent works that seek the gamut turable designs corresponding to the given context

of material properties achievable by a fabrication device [Bickel
et al 2010; Dong et aR010; Zhu et aR017]. These methods probe
the design space strategically to achieve a functional goal. Other
methods traverse the entire design space so users can e ciently
focus on any region of interest [Shugrina et.&015]. One such
method by Schulz et a[2017] discusses a special case of context
parameters, by interpolating e.g. stress distributions on a mesh
subject to distinct loading conditions. However, each load must be
selected and precomputed individually on the adaptive grid samples.
Our approach draws on all of these methods to achieve our hybrid
goal: to thoroughly explore all contexts in a given range, while only
presenting the Pareto-optimal designs for each context.

3 FIXED-CONTEXT PARETO OPTIMALITY

This section reviews the classical theory for xed-context optimiza-
tion. Consider a problem parameterized bydesign and context
parameters. Any solution can be represented by a design point
x 2R andacontexz 2 R . For example, a wind turbine might be
prescribed by three design variables (radius, height, and pitch angle;
= 3) and one context parameter (wind speed= 1). We control
the feasible set of values for each variable using constraint functions
6. 1x*z:R R | Rencoding the constraind. 1xez° 0. For
the wind turbine, constraints may include an upper bound on the
blade radius or a minimal stress rating. We denote our constraints
6. 1xs2° asactiveif 6. 1xez° = 0 andinactiveif 6. 1xez° Y 0.
The classical de nition of Pareto optimality assumes that the
contextz 2 R is xed to a particular valuez = z a priori. Since
z is e ectively a constant, it is typically excluded from the nota-
tion. However, we preserve this dependence in anticipation of our

ACM Trans. Graph., Vol. 40, No. 4, Article 171. Publication date: August 2021.

Each design in this space can be evaluated with respect to a set
of 3 performance metricg'x;z °: R | R. For most engineering
problems3 .Welet , 1x°:R ! R3 be the concatenation
of all performance metrics:

2 1X0 1= 151x;7 %" " " a8y 7 00"
The image of the feasible s&t, under the performance metrics
yields theperformance space

De nition 3.2 (Performance Spac&he xed-contextperformance
spacas the image of the design spaée under the map ; :
20 R

Without loss of generality, we assume that sm&alues are prefer-
able. Then, our multi-objective optimization problem can be notated

1)

mxin f3X;z °gsubjecttox 2 X; "
Solutions of Eqn. 1 arPareto-optimain the following sense:

De nition 3.3 (Dominance)Let x*® 2 X; be feasible design
points. We say® dominatesc in contextz if ® performs at least as
well asx on all metrics:

BIR;z 0 GlxX;z %882 fl"""«&
andR is strictly better thanx on at least one metric:
982 fle"""egs.t.BIR;Z ° Y Hix;z O

De nition 3.4 (Pareto Optimality)A point x 2 X; is Pareto-
optimalif there does not exist ang 2 X, that dominatesx. The set
of Pareto-optimal points is the xed-conteXPareto seP; R ;
the image ; 1Pz ° R3 is the xed-contextPareto front



Assuming nonnegative performance metrics, Pareto optimality
can be illustrated as in Fig. 3. For any ray drawn from the origin
in direction U 2 R3, there exists at most on€ 0 such that
Cw2 ;1P;o. Thué, for minimization, the best designs are those
that map closest to the origin along di erent directions.

Generically, the Pareto front and set are composed of collections
of 13 1°-dimensional manifolds [Hillermeier 2001a], implying that
almost any Pareto-optimal design sits within some Pareto-optimal
neighborhood. This insight is exposed via tdeal formulation of
Eqgn. 1, as expressed by the KKT conditions [Hillermeier 2001b]:

Proposition 3.5 (KKT conditions). Letand6. be continuously
di erentiable, and assume the vectors

fr c6. 0 j: Yis an index of an active constraint
are linearly independent. Then, for any2 P; , there exist dual

variables' 2 R3«# 2R such that:

X 2XZ. (2)
Uy 0 882f1"""<@ 3
V. 08 2fl"""eg (4)
G

U =1 (5)
&1
V6 1x;z°=0 8 2fle"""e g and (6)
#o it
3 0

Wr xBix ;z° | Vorx6. x ;z° =0 @)
&1 1=1

The KKT conditions are necessary (although not su cient) for
Pareto optimality. Thus, to identify Pareto candidates around a
known Pareto-optimal pointx ;z °, we can search for points that
locally preservéhe KKT conditions. In particular, we di erentiate
the KKT conditions with respect ta and set this derivative equal to
zero, yielding a rst-order approximation of the Pareto front about
1x ;z ©. Practically, this reveal$3 1° orthogonal directions<? 2
Xz along which we can walk without violating the KKT conditions.
This observation is the crux of xed-context continuation schemes
[Hillermeier 2001a; Martin and Schutze 2018; Schulz e2@18],
and forms the basis of our local exploration as well (Y4.3).

4 PARETO GAMUTS

Fixed-context Pareto optimality allows engineers to compute design
trade-o s for any particular context, e.g., a turbine under xed wind
speedt+. To select a turbine that performs well overall, however,
engineers must explore designs overamgeof possible wind speeds.

To facilitate this context exploration, we introduce theareto
gamut which captures the optimal designs at all contexts in a given
range. Intuitively, the Pareto gamut is a collection of xed-context
Pareto fronts that are stacked along an additional axis according to
their context value, as illustrated in Fig. 4.

This section formally de nes the Pareto gamut (Y4.1) and the

Pareto Gamuts: Exploring Optimal Designs Across Varying Contexts 171:5

Fig. 4. Top) Augmented design (performance) space is the union of many
fixed-context design (performance) spaces, drawn in gray. Each fixed context
admits a corresponding Pareto set (front), with contiguous families shown
in orange, purple, and redBo om) The Pareto gamut 1P° is the union

of all Pareto fronts in augmented performance space; the pre-image of the
Pareto gamutP is the union of all Pareto sets in augmented design space.

4.1 Formal Definition

Given a bounded range of intereslg"”- |§'®%for each context
parameter, the set of context con gurations is as follows:

De nition 4.1 (Context Spacelhe context spacg is given by
g% 882f1""" gg”

min

Z =fz=1Uge"""1°2R | lg Ig

Eachz 2 Z yields a distinct Pareto set and front. To organize
these objects, we de ne the followingugmented spaces
De nition 4.2 (Augmented Space$he augmented design spase

X =flxez° 2R R j 2272 and6: Ixez0 (08: 2 f0e"""e ggn

The augmented performance spacthe image of the augmented
design space underthe mapx*2:R R ! R® R ,where
Ixez0 =1 ;1X%2°.

As shown in Fig. 4, the augmented design (performance) space
can be visualized by stacking xed-context design (performance)

technical distinction between context and design variables (Y4.1.1, spaces along a context axis. Each xed-context design (performance)

Y4.2). By accounting for each variable type, we also derive the rst-

space contains a Pareto set (front), as shown by the manifolds in

order approximation to the Pareto gamut (Y4.3), which exposes Fig. 4 (top). Theollectiorof these Pareto sets (fronts) is our object

KKT-preserving perturbations for desigand context values.

of study (Fig. 4, bottom). We de ne this object as follows:

ACM Trans. Graph., Vol. 40, No. 4, Article 171. Publication date: August 2021.
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De nition 4.3 (Pareto Gamut)ThePareto gamut tP? is the union
of all xed-context Paret@o fronts in augmented performance space:

1po = 7 1P, © R R"
z2Z

The pre-image of the Pareto gamutisdenoted R R .

The Pareto gamut characterizes the full set of trade-o s at any
context con guration, and encodes how these trade-o s change as
a function of the context.

4.1.1 Context Parameters: A Novel Enfibhe Pareto gamut di ers
from any xed-context Pareto front because context parameters are
distinct from existing machinery in multi-objective optimization.
We validate this with two brief thought experiments to the contrary.
If we treated the context as a performance metric, we would un-
justly penalize large context values and bias our solutions toward
high-performing designs with small context values. Alternatively, if
we were to treat context parameters as design variables, we would
only be able to identify thgoint context/design con gurations with
optimal trade-o s. This yields a subset of the Pareto gamut contain-
ing the best-performing designs fro@ny context in the permissible
range such as the long-bladed turbines in high wind speeds, which

dominate all designs from lower speeds (Y1). We examine this subset context objective functiortxsz° : R

more closely in Y4.2. For now, we note that neither of these context-
parameter treatments yield the full Pareto gamut, which captures
the entire set of trade-o s under any particular context. Thus, the
context parameters must be handled as a novel entity.

In particular, a pointtx <z ° on the Pareto gamut is (by construc-
tion) only necessarily Pareto optimal w.r.t. its xed context. As
in previous work, this implies that context values must be held
constant during optimization. However, as discussed in Y4.3, the
Pareto gamut formalism allows us to relax this constraint during
non-optimization steps, to e ciently explore varying contexts.

4.2 Gamut Lower Envelope

Thelower envelopef the Pareto gamut contains the best achievable
trade-o s overall contexts (Fig. 5). This o ers important intuition,
because it is precisely the solution we would get if we were to treat
the context parameters as design variables during optimization.

De nition 4.4 (Lower EnvelopeJhe lower envelopell® of a
Pareto gamut 1P? is the set of gamut points that are not dominated
by points in another context:

1o =f 12 2R® R j 81Re2° 2 P that dominates'x.z°g”
®)
The attened lower envelope’ t1L°  R2 is obtained by projecting
away the context dimensions of all points intL°.

We illustrate the lower envelopes in Fig. 5. The attened lower
envelope is particularly useful, as it relates to the Pareto front of a
modi ed problem that treats context parameters as design variables:

De nition 4.5 (Free-Context Problerfihe free-context problem
1~0:R . | R3isamodiedversionof thattreats all context
parameters of as additional design variables that can be optimized.
Namely, the design variables are:= 1Ge"""«Gl1¢" " "|° 2 X,

and each metric isg!~° = Fglxez°.
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Fig. 5. The Pareto gamutlswer envelopéed curve, le ) contains the best
achievable trade-o s ovenll contexts. By projecting away the context axes,
we obtain thefla ened lower envelopéed curve, right). The Pareto gamut
(mesh) is colored by context ] value. Blue curves indicate fixed-context
Pareto fronts, and black asterisks mark the utopia point for each context
(51x;2° = Bx; 2° = 0). The lower envelope spans many contexts.

The de nition of Pareto optimality for  in the free-context prob-
lem is precisely Egn. 8 in De nition 4.4. Hence, we have the follow-
ing proposition:

Proposition 4.6 (Lower Envelope Optimality).  For variable-

R ! R R ,wehave
1po= 7110 where 1P°isthe Pareto front of the free-context

problem and ?1L° isthe attened lower envelope de ned above.

Proposition 4.6 exposes a direct correlation between the lower en-
velope of our Pareto gamuts and a related Pareto front that can
be obtained via existing multi-objective optimization benchmarks.
We use this property in Y6.1 to validate our approach against xed-
context multi-objective optimization benchmarks.

4.3 First-Order Approximation

To discover the Pareto gamut e ciently, we develop a rst-order
approximation that identi es optimal neighborhoods around known-
optimal points. We build on the approach from Y3, which yields
directionsG®2 X, that preserve the KKT conditionwithin a xed
contextz . Since the Pareto gamut is a collection of xed-context
fronts, its approximation must also permit us to moaerosgontexts
without violating the KKT conditions. Thus, we seek generalized
directionsix%z® 2 X s.t. the neighbofre20 = 1x sz © C 1x&z®
satis es the KKT conditions w.r.t. its xed-contex2.

Intuitively, we expect!3 1, ©°such directions, as the Pareto
gamut can be seen as an extrusion of some xed-context front
(of dimension3 1) through a -dimensional context space. This
provides geometric insight about our directions and those from
previous works: the latter form 43 1°-dimensional subspace of
thet3 1, c°-dimensional space spanned by ours (see Fig. 6).

We formalize this intuition in the following proposition, which
constructs a linear system that yields the desired directiér& z®:

Proposition 4.7 (Augmented KKT Perturbation). Suppose
IXIGezIC0 : 1 Ye¥! R R is composed of Pareto-optimal
points, that iSIx1Cez!1C° 2 P forallC2 1 Ye¥ Let and6.
be continuously di erentiable far 8 3 and1l 0 where

is the number of active constraintstat0z10°°. Let" 1C
and#1C be the KKT dual variables &ttC+z1C° (see Proposition



Fig. 6. Existing continuation schemes identify!a8 1°-dimensional ap-
proximation (red curve) within a single fixed context of the Pareto gamut.
Proposition 4.7 describes’8 1, °-dimensional approximation (colored
mesh) thatcontaingthe previous work as a subspace, while also encoding
how the Pareto set/front change as a function of the context. Our approxi-
mation is colored by its error relative to the ground truth (wireframe).

3.5). Then, for any KKT-preserving perturbaBon

v O
1 0 0 0 013:
0 0 X Z O‘L(P =0e (9)
c) G) G I 00
B L T
2R'L © R — .
where 1xez° := 1671Xxez% """ e GlxXeZ°°,
G 6°
G = W0 gdBixi0Pezi(re | V1P g Ix10Pz10°°, and
81 =1
G 6°
= W0 G SIX10Pz10P0 | V1P 6. 1x1QPez1(Pe”
81 =1

For a function- 1D« E, the expression p- denotes the Jacobian
of - w.r.t. the variable®D. Similarly, pg denotes the matrix of
second derivatives obtained by taking the partials-ofv.r.t. Dand
thenE All p- and pg in Egn. 9 are evaluated ak(0°sz1(°°.
We provide a constructive proof for Proposition 4.7 in Appendix A
and a detailed algorithm for its computation in Y5.

Remark 1. Egn. 9 is a generalization of the results given by Schulz
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the exactcasenllity 1" ©=3 1, )isthe expected dimensionality
for our approximation. Additional directions typically indicate that
some design variables (or combinations thereof) have no e ect on
the performance metrics locally. In this case, it is su cient to select
any subsetoB8 1, directions at random, and discard the rest.
We also considered higher-order approximations, but they are
prohibitively expensive to compute. We nd that a ne expansions
are su ciently accurate, even wherP is disconnected or curved.

5 PARETO GAMUT DISCOVERY

Given the user's performance objective constraints , and aug-
mented design space, we compute the Pareto gamutP° and its
pre-imageP . Each iteration of our algorithm (Alg. 1) begins with
#p points sampled fronX. Each sample is optimized within its
xed context, such that it satis es the KKT conditions (Proposition
3.5). We then apply Proposition 4.7 to compute a rst-order approx-
imation about each optimized sample. The resultit®y 1, ©°-
dimensional patches are stored and sampled to provide seed points
for the next iteration. Discovery continues in this manner until the
Pareto gamut converges or the user's computation budget is reached.
Below, we detail the necessary data structures and subroutines.

5.1 Data Structure

Our approach discovers continuous manifolds along the Pareto
gamut, each of which may span a wide range of performance and
context values. We represent each manifold with a simpgch
structcontaining a unique patch ID and information about the patch
in continuousanddiscrete forms. For the continuous representation,
we store (1) the optimized center poifik ¢z °© 2 X and its image

Ix ez %, and (2)theset@ 1, expansion directions thatde ne
the locally optimal manifold inX. We also use the patch struct to
store a set of discrete pointsxez® 2 X on this expanded patch,
along with the image x<z° of each patch point. The resulting
patch struct is then appended to a list called thatch array

Although the patch array is a natural way to store this data, it is
not well-suited to measure coverage, convergence, or dominance.
We address this with an acceleration structure: thegmented bu er
(seeinset). As discussed in Y3, any ray
uz2 R3 from the origin intersects the

et al [2018, Proposition 5.1] and Martin and Schiitze [2018, Theorenf€d-context Pareto front z *Pz ©

3.1]. IfzZ2® 0 (i.e., if we do not allow the context to change), w
recover the expressions from previous work.

To verify our result, we analyze the number of exploration direc-
tions,E As shown in Egn. 9, all direction&reside in the null space
of" . The rank of* is at mostmint#rows, #cold= mint1, 0O,
3, 0 o= 1 0Then, the Rank Nullity theorem
bounds the number of independent directioks

nullity " °© = #columns(M) rank" ©°
13, 9
=3 1, "

Thus, by computing the null space 8f, we generically obtain a set
ofatleasB8 1, directionsalongwhich we canwalk in augmented

o 11 0 o

B

design space without violating the KKT conditions. As discussed,

e atmost once. This lets us discretize

z Pz ° using (hyper)spherical co-

ordinates: the angle vectog 2
s ce 2% Lindicates a performance
trade-o (ray direction), and the
smallest radiusAfor which q inter-
sects the feasible performance space
indicates the Pareto front candidate.
For the Pareto gamut, we use (hyper)cylindrical coordinates: the con-
text spaceZ 1X° is discretized using Cartesian coordinates,
and the performance space usgs 1 (hyper)spherical dimensions.
The number of cellgt, along each dimension is user-speci ed.

When a new patch is found, we insert its patchID and discretized
patch points 1x+z° into the augmented bu er. Each point is con-
verted to (hyper)cylindrical coordinates then projected into the
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ALGORITHM 1: Pareto gamut discovery

ALGORITHM 2: xedContextOptimization

Input: Perf. metrics , constraints , augmented design spacé
Output: Pareto Gamut 1P° and its pre-imageP
Empty Augmented Bu er
%
patchID O
repeat
1X0-200- non "X# B.Z# BO
for 8=0:#pdo
(x " «# )  xedContextOptimizationkg® %
(dirs, extentsdegenerade
5" H# L)
if not degeneratéhen
patchIDr+
patchPts patchEvaluatior ez, dirs, extents , X)
patchStruct  (patchlDx szge x +zg°, dirs, extents
patchPty
%appendpatchStruct
.addPatchgatchlD patchPty

e empty Patch Array

stochasticSampling{* %
. 28)

localExplorationDirections( ,

end
until computation budget exceeded or converged (see 5.2)
(Pe 1P°) = extractParetoGamut(, %9
return Pe 1P°

appropriate bu er cell (blue wedge in the inset). To judge conver-
gence, coverage, and Pareto-optimality, we need only store each
point's radius from its xed-context origin and a reference to its
details in the patch array.

5.2 Discovery Algorithm

Our global/local discovery algorithm (Alg. 1) consists of 4 simple
steps: (1) randomly select seed points in joint context-design space;
(2) push each seed point toward its xed-context Pareto front; (3)
compute a set of KKT-preserving exploration directions about each

optimized point; and (4) evaluate the patch spanned by the explo- .

ration directions to uncover neighborhoods of Pareto-optimal de-
signs. These steps are repeated until either the Pareto gamut con-
verges or the permissible computation budget is exceeded.

Stochastic Samplindo avoid local minima, each iteration begins
with a user-speci ed numbe# g of random samples$xgz° 2 X
for8=1"""#s. In the rstiteration, samples are selected uniformly
at random fromX. Uniform sampling is also used in the nal itera-
tion(s) before convergence, to promote a globally robust solution.
For all other iterations, each sample is obtained by selecting a patch
at random, traversing to a random point on the patch, and comput-
ing a new sanjpléxsozsf’ using the perturbative formula from Schulz
etal. [2018, Y6.2.2]. We clamp all results to ensugezg® 2 X.

Fixed-Context Optimizatioftach sampléxgz:° is optimized
toward its xed-context Pareto front ; 1P, © using the scalar-
ization procedure detailed in Alg. 2. This yields an optimal point
1xgeZg® 2 X and its corresponding KKT dual variables, «# . We
use MATLAB'sfmincon routine for constrained optimization.

Exploration Directiongzor eachtxg*z;°, we then apply Proposi-
tion4.7toextract3 1, °©KKT-preserving directions. As shownin
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Input: Random sampl&, xed-context perf. metrics ; ,
xed-context constraints ,

Output: Optimized pointx , KKT dual variable§ «#

* Get target C2 , X, ° for scalarization

?in z X°
~

U ﬁ « approx. tradeoff between metrics
Zinlly

?goal » minile2 1Ug 1¢3°°for8=1:3%

dir ?goal ?in
ji?goal ?inijz

t ?in, Xgir Jj?inji2 dir * Xgir is user-specified
e Optimize within fixed context
pi~0 %jj 2 1~0 tjj? » scalarization function handle
»X ¢, ¥4 constrainedOptimizatiorfigexs ;)
while , 1x ° dominates do
t t, X dir e push target further;
B0 i .0 tif?
» ¢, Y4 constrainedOptimizatiorfgex ¢ ;)
end

X not optimal

~0 e new scalarization

2 X0t
Iz x° tij
# ,
return x "

* Lagrange multipliers for , at x;z°

o

Alg. 3, the output of Proposition 4.7 requires some post-processing.
Our linear system yields vectors of the forat %#%x%z® | so

the directions of interestx%z® may be linearly dependent. More-
over, performance metrics are often disproportionately sensitive
to changes in context value; thus, context perturbations appear in
many of the directions, and the magnitude of these perturbations
overshadows that of the design variables, which reduces movement
within each xed context. The Gaussian elimination and extent-
nding steps described in Alg. 3 mitigate these issues by eliminat-
ing redundancy in the directions and encouraging similarly-scaled
movement across and within distinct contexts.

Patch EvaluationThe span of altx%z® yields a (hyper)rectangular
patch 8 R R ,bounded by the computeektentalong each di-
rection. To sample * 8 for insertion into the bu er, we discretize

8 as a uniform grid (with user-speci ed dimensions) and evaluate

at each vertex. Any verticesxz° 8 X are discarded before evalu-
ation. Because 8is connected and is continuous, the true image

1 8 should be connected. However, our discretized vertices may
skip over cells of the augmented bu er due to undersampling. To
promote the likelihood that our patch contributes a sample to each
cell intersecting * %, we lift a xed triangulation of the grid on

810 triangulate our (hyper)cylindrical augmented performance
points in design space. We use this triangulation to comptge °-
dimensional barycentric coordinates for every bu er cell within the
boundary of 1 €. We cannot directly interpolate along our approx-
imation of 1 % as this may introduce infeasible points when the
gamut is non-convex. Instead, we use the barycentric coordinates
to interpolate along & then, we map the interpolated point(s) back
to performance space for insertion into the bu er.



ALGORITHM 3: localExplorationDirections

Input: Optimal pointx , contextz , KKT dual variables «# , perf.
metrics = 15" ""«fP, constraints 4 = 161¢"""+6°
Output: Exploration directiondirs, extent to walk along each
direction extentswhether expansion islegenerate
* get exploration directions using Proposition 4.7

getActiveConstraints{ *z « )
[ m m m

1

G* I * G TR ix oz °° TE 1x o °° K 1x ez ©
Ge | zeroMatrices
for i=1:ddo
_ B
G s = U8 XX 1x ez ©
N Vi
B nmXne 1x ¢z °
end
for k=1:K'do .
G.=V% mm x ez ©
I >:V8 MKNE X oz ©
end
1 0 0 0
0 0 X z
c) G ) G |
+  null(") « each column is a direction »' %#%&x%20,

if numColst) Y 3, 1then return degenerate=True

if numColst)i 3, 1then
+  randomly selecB |

1 columns of+

+ +13, 0 1:enck® + »%2%on each row
+ » +le | 1:4=F0e+1lnl: OV, + »Z%x%on each row
+  sortrows of+ in decreasing order of context values

+  gaussElimination( )

if any row of+ is zerathen return degenerate=True

dirs » +1e | 1:4=3%+1:1: 01 + x%z%0n each col

e Compute extent along each dir 2 X to move unit length in 1Xe
m
mixez° ix ez ©
& dirs  each col gives perturbation in 1Xo
extents (1+jj2>;jj for each2>;in columnsg&))

return dirs, extents, degenerate=False

Gamut Convergenc&o measure convergence, we must quantify
the quality of our Pareto gamut over time. One popular metric for
xed-context optimization ishypervolumgBader and Zitzler 2011].

As shown in the inset, hypervolume (gray)
is the Lebesgue measure of the performance
space region that is strictly dominated by
the candidate Pareto front points (blue), rela-
tive to a worst case nadir point the upper
bound of eactis (red). As the frontimproves,
hypervolume increases strictly monotoni-
cally. Thus, xed-context methods often de-
clare convergence when theypervolume improvemeflls below
some thresholK for # consecutive iterations.

For the Pareto gamut, we compute a hypervolume vectSt
Where+8cis the hypervolume of thé® xed-context Pareto front af-
ter iterationC We consider our gamut converged if the hypervolume
improvementi+C  +C %14.C 4+ C %) ¥ X forall 92 »1"""# Y
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Pareto Gamut Extractio®nce the gamut has converged, each
bu er cell contains the Pareto-dominant poirfy along its respec-
tive ray directionq. However,?; is not necessarily part of the
Pareto front: it may be excluded if it is dominated by solutions along
di erentrays. Hence, for each xed contextin the augmented bu er,
we extract ; 1Pz © according to De nition 3.4.

This set of points (at most one per bu er cell) is often su ciently
dense to capture the Pareto gamut. However, discretization artifacts
can produce sparse results in certain scenarios. For example, if the
Pareto gamut is asymptotic to the augmented performance axes (as
in Fig. 1), the bu er cells can only provide a sparse sampling in this
region. To address this without resorting to a ne discretization, we
use our patch array to Il gaps in the Pareto gamut after extraction.

In more detail, consider the points in the extracted Pareto gamut
that belong to a given patch8, and let be the pre-image of these
points. Assuming that the true Pareto front contains a contiguous
region of 8 the boundary of the point setdenotes the maximal
region of the patch 8that could map to the Pareto gamut. Then, all
patch samplesxsz° 2 8within this boundary should be eligible
for inclusion in the Pareto gamut. A dense sampling of this patch
region is contained in the patch array, but the bu er (from which
we extract the Pareto gamut) only admits one sample p&per
cell. Thus, the majority of discretized patch samples are never in-
cluded in the bu er or considered as candidates for the extracted
Pareto gamut. By incorporating these samples directly through the
post-processing step described above, we dramatically improve our
coverage of the Pareto gamut with minimal additional cost. To re-
move any dominated points introduced by this process, we run a

nal dominance check for each xed context before returning.

6 RESULTS

We test our approach on two problem classes. First, we adapt analytic
xed-context benchmarks to validate our algorithm's correctness.
Then, we explore engineering design problems to show the utility of
our approach and the Pareto gamut more broadly. For all problems,
we normalize the parameters and metrics such thxaR 01,
2201, andB 2 »01%2 82 f1” "3 We settt, = 200 #p = 10

3gir = 0"3,X =10 % and# = 3, with nadir point »1%3. All Pareto
gamuts are visualized with context along the vertical axis.

6.1 Analytic Results

Since the Pareto gamut is a new object, there are no established
benchmarks to verify our discovery algorithm. We build our own
test suite by adapting xed-context benchmarks to a contextual
setting. We also derive two methods to verify the correctness of our
discovered Pareto gamut: (1) comparison against analytic solutions
for the Pareto set/front at any given context, and (2) validation
against Proposition 4.6 (Lower Envelope Optimality), which only
requires computing a Pareto front rather than a Pareto gamut.

Modi ed ZDT FunctionsThe ZDT test suite [Zitzler et al2000]
contains 5 continuous-domain problems for multi-objective opti-
mization, with carefully designed challenges like non-convexity,
multi-modality, and sparse solution density along the front. Each
ZDT function has3 = 2 performance metrics that depend on
design variables- = 1~1¢”""e=° The original problems do not
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Fig. 7. Our suite of contextual ZDT solution§lop) Analytic ground truth for the Pareto gamut, witt8 = 2 and

= 1. Colored by context valugMiddle)

Our discovered gamut, colored by distance to the ground tru¢Bo om) Fla ened lower envelope of our solution (sca er); colored by distance to the ground
truth Pareto front of the corresponding free-context problem(black line). All discovered solutionstgse 200cells along each dimension of the bu er.

contain context parameters (= 0). To test 1, we treat some of
the< design variables as context parameters. Wedet and
dene x*z2:R R ! R® R .We preserve the original func-
tion de nitions with respect to = 1Ge”""eGl1e”""1° 2 RS,
The only di erence is our treatment of, whose values are explored
rather than optimized. Fig. 7 (middle) shows strong agreement be-
tween our discovered Pareto gamut and the analytic ground truth.
Fig. 7 (bottom) also validates our results against Proposition 4.6 by
examining our Pareto gamut's attened lower envelope. By construc-
tion, the corresponding free-context problem 1~° is the original
ZDT problem ovek design variables, and its Pareto front 1P° is
the well-established ZDT solution. As expected, our Pareto gamut's
attened lower envelope matches each established solution well.
Despite strong agreement overall, two discretization artifacts in-
vite discussion. ZDT4 highlights that our discretization must be
ne enough to capture the gamut's variation as a function of z.
Our method identi es the correct solution manifold, but the Pareto
fronts from lower-performing contexts within each cell appear dom-
inated, so they are left out. The ZDT6 lower envelope discrepancy is
because the solution density shrinks exponentially near the context-
free front; thus, the xed-context front at our smallest cell center
(I = 00023 is still far from the ground truth. This is resolved by
generating bu er samples along the exact context bounddry=(0).

Fourier Benchmarkihe ZDT functions are helpful for validation
against an established benchmark. However, the solutioiis a
single linear manifold in all 5 cases. We stress test our algorithm
with a contextual Fourier benchmark, for whicR is non-linear and
disconnected (Fig. 8). Each objective functigixez® is

& h i
We coga=l.  ~2dio .
<=1==1

O & h , 10
Fxe2® = Upecos39@ Voo
81 91

B
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Fig. 8. Fourier benchmark solutioflL,e ) Our discovered Pareto gamut
(bo om) and its pre-image (top), colored by context valu@ight) Error
between our gamut/pre-image and 100 precomputed fixed-context solutions.
Strong agreement highlights our algorithm's empirical convergence, even
in the case of a highly disconnected, non-linear pre-imaBe X .

where# is the desired polynomial order, arldgg\W= 2 »0»1%and
Vgg ‘<= 2 0 c¥are randomly chosen coe cients.

6.2 Engineering Design Examples

We now present several engineering examples to demonstrate the
unique practical bene ts of the Pareto gamut.

Turbine.Fig. lillustrates a simple wind turbine with = 3design
variables: radiug\(central shaft to blade tip), height(perpendicular
to plane of rotation), and blade pitch angl¢ The3 = 2 performance
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